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THE THEORY OF JACOBI FORMS
OVER THE CAYLEY NUMBERS

M. EIE AND A. KRIEG

ABSTRACT. As a generalization of the classical theory of Jacobi forms we discuss
Jacobi forms on # xC8 , which are related with integral Cayley numbers. Using
the Selberg trace formula we give a simple explicit formula for the dimension
of the space of Jacobi forms. The orthogonal complement of the space of cusp
forms is shown to be spanned by certain types of Eisenstein series.

INTRODUCTION

The classical theory of Jacobi forms on H x C was described by Eichler and
Zagier [4] in 1985. There also exist more general types of Jacobi forms on H x
C" considered by Gritsenko [8] or for the Siegel half-space considered by Ziegler
[14]. These Jacobi forms naturally appear in the Fourier-Jacobi expansion of
Siegel modular forms (cf. [12]).

Jacobi forms over the Cayley numbers are defined on H x C¥. They were
introduced in [5 and 6], where they appeared as Fourier-Jacobi coefficients of
modular forms on the half-plane of the Cayley numbers of degree 2. They are
of special interest, since they are related with modular forms on the exceptional
domain (cf. [1, 9]). On the other hand, the arithmetic of integral Cayley num-
bers (cf. [2]) leads to special results, which cannot be obtained in the general
case.

In this paper we show that the space of Jacobi forms over the Cayley numbers
has finite dimension. We can demonstrate that the orthogonal complement of
the space of cusp forms is spanned by certain Eisenstein series. Moreover the
Selberg trace formula can be applied in order to determine the dimension of
the space of Jacobi cusp forms explicitly. This leads to a very simple dimension
formula involving a weighted summatory function of Euler’s totient function
@(n) . Surprisingly the result is simpler than in the classical situation (cf. [4])
or for Jacobi forms of index 1 on H x C" (cf. [13]).
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1. NOTATIONS

Let f be a field. The set € = & of the Cayley numbers over f is an eight di-
mensional vector space over f with the standard basis ¢, e, e, €3, €4, €5, €6,
e7 satisfying the following rules for multiplication:

xeg=eyx =x forallxe®,
e?=-e, i=1,2,3,4,5,6,7,
€162€4 = €9€365 = €3€4€¢ = €4€5€7 = €566 = €¢€76) = €7€163 = —€p .
Write x € & in the form x = 217:0 xjej, xj € f. Then we consider the
following mappings:

(a) involution: & — &, x — X = 2Xp€p — X = Xp€0 — E}=1 xje;,

(b) norm: & — f, N(x)=xX = Z}zoxz,

(c) bilinear form: € x % — f, a(x,y) = 2Z;=0 xjy;,if y= E;=0yje,-.

In particular, one has
) N(x+y)=NXx)+N(y)+o(x,y) forallx,ye?®.

Cf. [3, Chapter 9], for further details.
Let » C %y be the Z-module of integral Cayley numbers investigated by
Coxeter [2]. A basis of » is given by ag, ..., a7 where
ap =€, a =€, a=€, a3=¢,
ag=ie+ert+es—es), as=3i(-e—e —es+es),
06=%(_90+el_32+e6)> a7=%(—eo+e2+e4+e7).
We can identify %¢ with C® via the standard basis e, ..., e;. Let H stand
for the upper half-plane in C,
H={zeClz=x+1iy, y>0}.

" Let k , m be integers and m > 0. A holomorphic function f: H x éc — C
is called a Jacobi form of weight k and index m, if it satisfies the following
conditions:

g.1)
f(Z, ’l.U) = f|k,m[M](Z’ 'LU)

‘= (cz + d) ke~ 2mimeNw)/(cz+d) £ (az +b w )

cz+d’ cz+d

for all M = (‘c’ Z) €T :=SLy(Z).

0-2)
f(z,w) = flmld, ul(z, w) := 2PmMNDR 0N £(7 w4 Az + p)
forall A, ue€o.

(j.3) f has a Fourier expansion of the form

oo
flz,w)= Z Z as(n, t)eZﬂi[nZHI(t,w)]'

n=01t€s,nm>N(t)
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f is a Jacobi cusp form, if it moreover satisfies

(.4) ag(n,t) =0, whenever nm = N(t).

We denote by Ji (<) (resp. J,?,m(a)) the space of Jacobi forms (resp. Jacobi
cusp forms) over the Cayley numbers of weight k and index m . Examples of
functions in Ji () are given by the Fourier-Jacobi coefficients of modular
forms on the half-plane of the Cayley numbers of degree 2 (cf. [6]).

Given a congruence subgroup I of I' = SL,(Z) let M;(I") (resp. Sx(I"))
denote the space of entire modular forms (resp. cusp forms) of weight k with
respect to I (cf. [11]). Using (j.3) and (j.1) we get

(2) Je,0(0) = M(D),  JR (o) = Si(T).
Therefore we will always assume m > 1. It follows from [6] that
(3) Ji 1(e) = My _4(T), J,?’l(o) =S, _4(") foreven k >0.

2. THETA SERIES
Given m > 1 and g € » we define the theta series
(4) O (2, w) = Z e2mimINW)z+o(v, w)]
vEA(qg)

where A(q) := {t+q/m|t € }. Then 3, ¢ € J4,; was shown in [6]. Due to
(1) an easy calculation yields

(5) O glmlA, #]1 =0m 4 foralld,peos,
(6) Om gz 41, w) =eND/my, (2, w).
Given w € % we define
7
W = (wo, ..., w7)' €CY, whenever w =Y wja;.
j=0

The 8 x 8 matrix S = (d(a;, j)) is positive definite, even and unimodular
(cf. [6]). In the notation of [10, p. 101], we therefore have

ﬂm,q(z > w) = ezi,mSu”J/m(Za msS; Zs) .
Using [10, IV.2.3], we obtain
ﬂm,q|4,m[J](z’ w) = Z_4e_nimslw]/29d/m,mSu‘;/z(_1/2a msS; Zs)
— m—4e—nimS[1I;]/z+27ti¢i'Sli)/zemsw/Z,_d/m(z’ (mS)—l : Z8)
- m? Z eniz(mS)_'[g]+2nig'u“)—27tig’é/m'
geZ8
Here J = (9°'). If one sets g = mS(h+p/m), h € Z8, p: s/mo, the result
is
(N Bmglemldlz,w)=m™ 3 e @ DImy, (2 w).
p: o/me

Next a combination of [10, IV.3.6 and IV.1.3], yields

8) O gle.m[M] =0, whenever M €T, ME((I) ‘1)) (mod m).

Let U(n) denote the unitary group contained in GL,(C). We fix a set of
representatives ¢, ..., g,s of s/ms and set

9) 6 :=(Om,q> > Om.g)-




796 M. EIE AND A. KRIEG

The operations in (j.1) and (j.2) can be applied to each component of ©.

Proposition 1. There exists a unique homomorphism of the groups w: T —
U(m?®) such that

(10) Ol mM]=w(M)-© forallMeT.
The principal congruence subgroup

r[m]={Mer|Ms ((1) (1’) (modm)}

is contained in the kernel of v .

Proof. According to the uniqueness of the Fourier expansion with respect to
w in (4), the m® components of © are linearly independent functions. This
implies the uniqueness of . It suffices to demonstrate (10) for generators of
I'. Thus (10) follows from (6) and (7). The last statement isa consequence of
(8). O

In particular one has

(11)  w(T) = diag(e™2"N@/m _ o=2wiN@u)/imy T = (é i) ;

T TY - nio m 0 -1
(12) () =y(=)) = (mieio@almy . &,  J= (1 0 )

according to (6) and (7).
Let f € Ji m(2) with the Fourier expansion (j.3). Given g € » we set

(13) Fy(z) = 3 ap(n, g)e?min-N@/mz
n€Ng,n>N(q)/m
Proposition 2. Given f € Ji ,,(2) one has a unique representation

(14) flz,w)= )" Fy(z) - Omq(z, w).

q: o/mo

Proof. Using (j.2) we have
f(Z, w) — e2nim[N(}.)z+a(A,w)]f(Z, w +)»Z)

— Z Z af(n , t)elni[(n+a(t,A)+mN().))z+a(t+ml,w)]
t€o n>N(t)/m

for all A € ». Comparing the coefficients we get
(15) ag(n+a(t,A)+mN(A),t+mi)=ag(n,t) foralln,t,A.

Hence we have Fj,,,; = F, in (13). Thus the right-hand side of (14) is well
defined. Setting t =mA+gq, A €4, q: s/ms, a rearrangement of the Fourier
expansion of f yields (14). O

Just as in (9), now set
Fi=(Fmg, - Fmg,)
Given a function ®: H — C, set

O M(z):= (cz+d) D (?j+b) for M = (? b) er.

d

+d
Apply this definition to each component of F .
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Theorem 1. Given k, meZ, m > 1, the mappings

{F € My_4(T[m))""|F|x_sM = y(M) - F for all M € T} > J (o),
F—F'.Q,

as well as

{F € Si_a(TIm))™ |Fli—aM = y(M) - F forall M €T} = J2 (o),
F— F'.8,

are isomorphisms.

Proof. Given f € Ji (o), apply (14) and Proposition 1,

F' 0= f= fli, IM] = (Fl_4M)" - (Bl4, m[M])
—_—t
= (y(M) Fly_4M)' - ©.

Since the components of theta are linearly independent and (M) is unitary,
we get
Fly_sM=y(M)-F foral MeTl.

Proposition 1 leads to F; € Mj_4(I'lm]) for each ¢ € ». Comparing the
Fourier expansions we conclude that f is a cusp form if and only if each F,,
q € 2, is a cusp form.

Starting with F € M,_,(I[m])™" such that F|,_sM = y(M)-F , we obtain
flk, mM1=f for f=F'-© and M €T from Propositions 1 and 2. Finally
(5) yields (j.2). Since (j.3) is clear, we get f € Ji m(c). O

As an immediate consequence of Theorem 1 we obtain
Corollary 1. Given k, meZ, m > 1, one has
dim Ji p(0) < m® - dim My_4(T[m]) < oo,
in particular,
dim Ji 1(¢) = dim M) _4(T), dim J | (¢) = dim Si_4(I'),
Jie.m(e) ={0}, ifk<4.

3. EISENSTEIN SERIES

Let T'oo = {({7)In € Z}. Given ¢ € » with N(q) = 0 (modm) we define
the Jacobi-Eisenstein series

(16)
Ey, m(Z w;q)
Z (cz+d)” Z exp{me lN(A)aZ+3
M Too\T A€A(q) *

w cN(w)
+G(A’ cz+d) T ecz+d

S Y Umld, Ok, M)z, w),

M : T, \I'A€A(q)

}
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where M = (%) and A(q) = {t+q/m|t € s}. Due to mN(4) € No for all
A € A(g), the deﬁnmon does not depend on the choice of representatives of
I'o\I'. It is obvious that

(17) Ex m(z, w; q) = Ex m(z,w;¢q'), if g=q +mAforsomeieos,

(18)  Ex,m(z,w; —q) = Ex m(z, —w; q) = (=1 E m(z, w; q).

Proposition 3. Let k,m € N, k > 10 and q € » with N(g) = 0 (modm).
Then the series (16) converges absolutely and locally uniformly in H x & .

Proof. 1t is well known from the theta transformation formula that

Ze—nnzy =0(1+y~'?) fory>0.
nez
Hence we obtain
> e7 2N — o(1 +y~%) fory >0.
A€o

Given (z, w) in a compact subset of H x &c we get

5 fewo {amim [N 2L 1o (3, Y )‘CN(w)]H

v cz+d cz+d
az+b az +b
<r Y. exp{ —2nm [(I ) —30v/N(A) ”
e z+d z+d

where the positive constants y and J only depend on the compact set. There
exists a constant ¢ > 0 such that

ai+b maz+b <g"llmai+b
+d = cz+d "~ ci+d

holds for all (¢5) €T and z in the compact set. Hence the above sum over
A is uniformly majorized by

) exp{—nm (Imz;IS) N(A)} —0 (1 + [Im?:_tg}_4) .

ieto

eIm

Since the series 3 ). r_\rlci + d|®* converges for k > 10, the series (16)
converges and defines a holomorphic function on H x éc. O

From the group property of I = SL,(Z) and (16), it is easy to verify that
Ex m(z,w; q) satisfies (j.1). Given A, u € » we obtain

1
Ek,m(°7 ‘,‘I)|m['1a [l](Z,'LU): 5 Z (CZ+d)-k
M : To\I'

. az+b w+Az+u
.VGXA(:q)exp{me [N(V)cz+d +0 (1/, W)

N(w +4iz+p)

_¢ +N(A)z+a(l,w)]}.

cz+d
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Next a simple calculation leads to

N(v)

az+b+a( ’ w+lz+u) —-CN(w+)‘Z+”)+N(,1)z+a(A,w)

cz+d cz+d cz+d
_ az+b 3 w _¢N(w)
_N(u+d,1—cu)cz+d+a<u+d/1 CU, cz+d) cz+d+a’

where o =0 (v, ap—bi)+bc-o(4, u)—bd-N(A)—ac-N(u) € LZ. Hence a
rearrangement yields (j.2) for Ex ,(z,w; q).

Theorem 2. Let k, me N, k > 10 and q € » with N(q) =0 (modm). Then
the Jacobi-Eisenstein series Ey ,(z, w; q) belongs to Ji ,(s) and possesses a
Fourier expansion of the form

Eq,m(z,w;59) = 5(0m,q(2, W) + (=1)Om,_4(z, w))

(19) i ag(n, t)etminz+alt, )l
n=1t€s,nm>N(t)

Proof. Convergence and analyticity were proved in Proposition 3. (j.1) and
(j.2) were shown above.

Choosing ¢ = 0 the sum over A € A(q) as well as d = +1 in (16) exactly
yields Om, (2, w)+(=1)¥0m, _4(z, w). Nowlet ¢ # 0. Setting A = L +p+ct,
p:ofco, t €s, wWe get

az+b w _cN(w)
exp{me z+d+a('1’cz+d) cz+d]}
AGA(q)

: a/Ca

o
{27uaN q+ mp)}
q

x Zexp{—27zzm [N (w - % —t) /(Z+d/0)]}

=(;€:_n;1/c)4 5 exp{ZniaNr(:c+mp)}

1 ofco

xzexp{hl[ z+n§1/c U(w_%é_%’t)]}’

t€o

where we applied the theta transformation formula [10, IV.2.2], just as in §2.
For fixed 0 #c € Z wenowsumover d =d'+mcl, 1 <d' <mjc|, (c,d) =
1, l € Z. In view of the well-known identity

z d R Comikt &, (z d
z<;+%+l> —m!—gn exp{ann(%+W>},
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we obtain a Fourier expansion of the form

1 az+b
7 Z (cz+d)~ Z exp{anm[ (X)cz+d

M : Too\T,c#0 AEA(g)
w cN(w)
+a('j”’cz+a') cz+d]}

o0
Z Z n, t)eZm[z (n+N(t))/m+o(t, w)]
n=1 t€o

Since Ey pn(z, w; q) and Om, q(z, w)+(—1)¥0m, _4(z, w) are invariant under
z+— z+ 1, weconclude a(n, t) =0 unless n+ N(¢) =0 (modm). This gives
(19). O

Remark 1. Let k, me N, k > 10 and g € » with N(q) =0 (modm). A
look at (17), (18) and at the Fourier expansion (19) yields

Ey m(+,+59) =0 if and only if k is odd and 2q € mo.

Moreover fix representatives +q;, ..., £¢;, Gr+15 .-- » gr+s Of q: o/mos with
N(g) = 0 (modm) such that 2q; ¢ mos for 1 < j <r and 2g; € mo for
r< j<r+s. Define

%(,m:= {Ek,m('a';qj)“Ser}’ lkaSOdd’

& .m ={Ek m(-, s q))|1 <j<r+s}, ifkiseven.
Then (19) and the linear independence of the theta series imply that the set
& .m is linearly independent.

Now let m = 1 and therefore ¢ = 0 and k& be even. Then our proof
describes the Fourier development explicitly. If o, denotes the divisor sum,
By the Bernoulli number and Ey(z) € M;(I") the normalized Eisenstein series
(cf. [11]), we obtain

Corollary 2. Let k > 10 be even. Then the Fourier expansion of the Jacobi-
Eisenstein series of weight k and index 1 is given by

Ec1(z,w;0)= Z 3 y(n,t)eZIIi[nz-ra(z,w)],

(20)

n=0t€s,N(t)<
where
no={" Yn=N
n,t)= _ .
’ —%%;Qak-s(n - N(t)) ifn> N(1).
One has

Ep(z,w;0)=E;_4(2) O o0(z, w).

4. THE ORTHOGONAL COMPLEMENT OF THE CUSP FORMS

The Petersson inner product for f', g € Ji n(2), where at least one of f
and g is a cusp form, was already introduced in [6],

(f, 8 /fz w)g(z, w)yke =™V gy

where w = u+iv and dw = y~'%dxdydudv is the invariant volume element.
We use the standard identification of % with R® for normalizing du, dv .
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Lemma 1. Let k, m € N, k > 10, g € ¢+ with N(q) = 0 (modm) and
fe J,?,m. Then one has

(Ek,m(za w; q)a f(Z: w)) =0.
Proof. We can write the Eisenstein series in the form (16). Hence the usual
unfolding trick gives

(Ex.m(z,w; q), £z, w)) = / 70z, w)y*~0e=4mNCY 4x dy du dv
9

where

Jj=0

7
9={(Z,1U)€HX%|OSXS], u=Zu,~aj, OSujSI}

is a fundamental domain with respect to the translations in (j.1) and (j.2). If
one inserts the Fourier expansion (j.4), the integration over x already shows
that the integral vanishes. O

Next we count the number of possible g. Therefore let ¢ denote Euler’s
totient function.

Lemma 2. Given m € N one has
d
(21) #{q: o/mo|N(g) =0 (modm)} =m" % .
d\m
Proof. Both sides of (21) are multiplicative arithmetical functions. Hence it

suffices to consider m = p” for some prime p and r € N. Due to the corollary
in §2 of [9] the left-hand side of (21) is equal to

r r—1 r
Y% - Zpsm] o 14— =S %g) 0
=0 =0

=1 dim
In particular the number s in (20) can be computed to be
#{q: o/ms|N(q) =0 (modm), 2q € ma} =: Ny,

p4r

where
1 ifm=1(mod2),
(22) Ny = { 136 if m =2 (mod4),
256 if m=0 (mod4).

Denote the orthogonal complement of the space of Jacobi cusp forms by
Jeom@) ={f € Je m@)(f, g) =0 forall g € J) (o)}

Theorem 3. Let kK, m € N, k > 10. Then the set of Jacobi-Eisenstein series
& .m in (20) forms a basis of J,?,’:;(o) . Moreover one has

(m’ 2 (—1>'<Nm) ,

dim

dim J>; (o) =

N ==

where N,, is given by (22).




802 M. EIE AND A. KRIEG

Proof. Apply Lemmas 1 and 2, Remark 1 and (17). Given g € Ji ,(2), we
conclude from Theorem 2 and (15) that

r
g-23 ag(N(g)/m, 4))Ex m(-, +; 4)
j=1
r+s

~ U4 (1) Y ag(N@)/m, 4)Ee (-, -5 )

j=r+1

is a cusp form. Hence the claim follows. O

5. THE SELBERG TRACE FORMULA
Given a subset S of I' and z, z’ € H we define
—k
1
S — S
H/(z,z'):= Z (-2—l_(z—Mz')(y2'+(5))

ap
M=(] $)es
for k > 2, where Mz = ﬂé . Then it is well known (cf. [7, 11]) that

@) a0 = 2t [ G, e du)
T Jnm\H

holds for all ® € S;(I'lm]), when I'lm]\H denotes a fundamental domain
of H with respect to I'[m] and du(z) = y~2dxdy stands for the invariant
volume element. Clearly &,, = 1 holds for m > 2 and d, =d, =2.

Lemma 3. Given k > 6 and m € N one has for all f € J . (s),

F()= 523 [yt ST WM o) (2 ().
87 Jru M : T[m\T

Proof. Let F be a fundamental domain with respectto I and " =U;~=1F[m]Mj.
Then J;_; M;F covers a fundamental domain of H exactly ;=-times. Thus
Theorem 1 and (23) yield

k=5 NE(s'
CRE Y /M RN, 2)F() duz)

k k=5 [ k- 42 HYM (2, 2')y(M;)- F(z')du(z'). O

In the next step we obtain
Lemma 4. Given k > 6 and m € N one has for all f e J? (o),

flz,w) = 21°m4(_k___5_)/ yke=4nmN @)y’ Z Hr[m]M(Z Z)
(24) " d M :TIm\I'

-8(z,w) - y(M)-8(z', w)f(z', w)dw(z, w').
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Proof. Note that the set of all (z, w), where z € F and w runs through a
fundamental parallelotope of %¢/sz + » contains 2 copies of a fundamental
domain. Write f = F'-0 = 6'. F . The standard procedure yields

/ 19m,qj(zl, fw’) . ﬁm,q,(z’ , ,w/)e—4nmN(v’)/y’ du' dv'
Bcloz'+o

25 '

= (& =1,
0 if j#1.

Hence the integral on the right-hand side of (24) equals

k-5 _
o [V Y HUM(z, 208z, w) - w(M) - F(2)du(Z).
F M : T[m\T
Due to Lemma 3 and f =6’ F, the claim follows. O

Hence we have computed the Bergmann kernel of J,?’m(o) . Thus the stan-
dard procedure (cf. [11, 6.4.1]) yields the Selberg trace formula. The orthogonal
relation (25) then leads to

Theorem 4. Given k > 6 and m € N one has

dim JQ ,.(¢) = k= 5/ vty H"WM (2, 7)(trace y(M)) du(z).
" 8 Jru M : TIm\l

Now we are going to calculate the terms explicitly. Note that trace w (M) is
constant on the conjugacy class of M due to Theorem 1. It is well known (cf.
[7, Chapter II]) that the conjugacy classes of hyperbolic elements do not give
any contribution.

(A) Contribution from +/,I = (}%). One has trace y(I) = m® and trace
w(-I) =g.c.d.(m, 2)8. Hence the contribution is

"2;45(m8 + (=1)kg.c.d.(m, 2)8).
(B) Contribution from elliptic elements. There are 6 conjugacy classes of elliptic

elements in I", which can be represented by +J, +7J, +T-'J . We apply (11)
and (12) and evaluate the arising Gauss sums in the usual way in order to get

trace y(J) = trace w(—J) = g.c.d.(m, 2)*
trace w(TJ) = tracew(-T~'J) =1,
trace y(T~'J) = trace y (- TJ) = g.c.d.(m, 3)*.

The integrals are evaluated according to [7, Chapter II]. Setting p = %(1 +iV3)
the total contribution is

1. 1 p5k
g kg.cd.(m, 2)*(1 + (-1)%) + 3—173—(1 + (-D*g.c.d.(m, 3)%
1 p10—2k d 3 4 ) K
+€ l\/§ (g.C. '(ms ) +(_ ) )

k+1

= %i‘kg.c.d.(m, 2)4(1 + (-1 - ( i ) %(g.c.d.(m, 3+ (-1)F),

where (¥4!) denotes the Legendre symbol.
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(C) Cusp contributions. Representatives of tlie conjugacy classes of the para-
bolic elements are given by +77, j € Z, j # 0. Note that

w(T)=w(T), y(-T)=y(-T/), ifj=j (modm).
According to [7, Chapter II], the integral over all the conjugacy classes +77', j
=j(modm), j=1,..., m, is evaluated to be

—(:tl)k%n—trace w(xT/).

Due to (11) the total contribution is

__.4_2 Z e~ 2mijN(g)/m | Z e~ 2miiN(q)/m
m

Jj=1 t of/mo : o/me
2(]6"!0

= —%(#{q: 2/mas|N(q) =0 (modm)}
~1)*#{q: 2/ms|N(q) =0 (mod m), 2q € ms})

+ (
@
4 ()

if we regard Lemma 2 and (22).
Gathering all the contributions we obtain our final

Theorem 5. Let k > 6 and m € N. Then one has

dimJ? ()= k- 5(m8+( l)kg.c.d.(m,2)8)+%i‘kg.c.d.(m,2)4(1+(—1)")
'(I%) é<g~c-d.(m,3)4+( ——( ‘”Zm(p(d)ﬂ lkNm).

Combining Theorems 5 and 2 we also have an explicit formula for dimJj ) .

Corollary 3. Let k > 10 and m € N. Then one has

dim Ji p(0)= k245(m +(-1)kg.cd.(m, 2)¥+ 1 ~kgc.d.(m, 2)*(1+(-1)%)
-(k%l) %(g.c.d.(m,3)4 +(=1 ( %"’(d +(= 1kN,,,).
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